Featured Application: The method that is proposed in this paper provides a scientific basis for the speed determination in the transmission error measurement. The optimal measurement speed and its determination method are suitable for the transmission error measurement of various precision reducers.
Introduction
A precision reducer is the core component of an industrial robot and it directly affects the performance of a robot. RV reducers and harmonic reducers are widely used in robotics. The RV reducers have the higher rigidity and they are mostly applied in the parts of heavy loads, such as bases, arms, and shoulders, whereas the harmonic reducers are usually applied in forearms, wrists, and hands [1] .
Transmission error (TE) is the key index for characterizing the transmission precision of precision reducers. It has an important influence on the positioning precision of robots and it is also the main cause for vibration. The transmission error is listed as the precision index of precision reducers in GB/T 2 of 11 35089/2018 [2] . It is necessary to measure and evaluate the transmission errors of precision reducers before leaving the factory. The measurement precision of transmission errors has a significant influence on the precision evaluation of the precision reducers.
The transmission error of precision reducers has been extensively explored from the perspective of measurement and control. Gandhi et al. decomposed the transmission error of a harmonic reducer into the transmission error θ p that is related to manufacturing and installation errors and the transmission error θ s related to speed, load, and stiffness. Gandhi proposed to measure the transmission error component θ p under the conditions of zero-load and low speed and set the measurement speed as 10 r/min [3, 4] . Nye analyzed the internal and external factors that affect the transmission error of a harmonic reducer, divided the transmission error into the well-behaved transmission error and the poorly-behaved transmission error, and carried out the experimental study [5] . Lv decomposed the transmission error of a RV reducer into static error and dynamic error. Taking RV-20E as an example, the static error was obtained at 30 r/min [6] . The measurement speeds in the above studies were different, although they all divided the transmission error of a precision reducer into two components. Wang measured the transmission error of a new type of involute planetary gear transmission with double cranks and variable tooth thickness at 300 r/min [7] . Ran measured the transmission error of a RV reducer and compared the result with the simulation transmission error under the actual machining error [8] . Iwasaki decomposed the transmission error of a harmonic reducer into the synchronous error θ Sync and nonlinear elastic error θ Hys , established the mathematical models of each transmission error component, and explored the control strategy [9] .
In general, the transmission error is generally measured under the conditions of zero-load and low speed and the peak-to-peak value is treated as the evaluation basis of the transmission error of precision reduces in order to realize the transmission precision evaluation of the precision reducers. However, low speed is a general concept, and there is no uniform standard, and it thus results in the difference in the transmission precision evaluation results of the same precision reducer.
From the perspective of transmission precision evaluation of precision reducers, the concept of optimal measurement speed was put forward in this paper in order to reduce the influence of the measurement speed on the dynamic measurement of transmission error. Subsequently, the calculation model of the optimal measurement speed of transmission error was established and the implementation steps were given based on the Stribeck friction model of precision reducers. Finally, taking a certain type of RV reducer as an example, with the RV reducer comprehensive performance tester that was developed by our research group, the transmission error measurement experiment was carried out to verify the proposed method.
Optimal Measurement Speed in the Evaluation of Transmission Precision

Influencing Factors of the Transmission Error
The transmission error of precision reducers is defined as the deviation between the actual output angle and the expected output angle of the output shaft and can be expressed as Equation (1) [2, 3] . Figure 1 shows the transmission error curve and the peak-to-peak value is treated as the evaluation basis of the transmission precision of precision reduces.
where TE is the transmission error; θ out is the actual angle of the output; θ in is the angle of the input; and, R is the speed ratio of the precision reducer. The influencing factors in the dynamic measurement of a transmission error can be divided into internal and external factors. The internal factors mainly include design tolerance, manufacturing tolerance, and backlash of assembly link. The influences of internal factors are inevitable in the stage of manufacturing and assembly, and improving the manufacturing and assembly precision can decrease them. External factors, including speed, load torque, and temperature, are closely related to measurement conditions. The transmission error measurement is usually done within a short time, so the influence of temperature can be ignored.
Optimal Measurement Speed
Transmission error is the main basis for evaluating the transmission precision of a precision reducer. The key to its measurement is to avoid or minimize the influence of external factors as much as possible. At present, the transmission error measurement is mainly realized under the conditions of zero-load and low speed. The purpose of zero-load setting is to avoid the influence of elastic deformation that is caused by load torque and the purpose of low speed is to reduce the influence of friction torque of a precision reducer. The concept of optimal measurement speed is put forward in this paper from the perspective of reducing the influence of friction torque of precision reducers.
The friction torque of precision reducers decreases with the increase in the speed when the speed is low. The friction torque increases with the increase in the speed when the speed is greater than a certain value, showing a typical Stribeck effect (Figure 2 ) [10] [11] [12] [13] . It can be seen that the forward and reverse Stribeck curves of precision reducers have a wave trough point A + and a wave peak point The influencing factors in the dynamic measurement of a transmission error can be divided into internal and external factors. The internal factors mainly include design tolerance, manufacturing tolerance, and backlash of assembly link. The influences of internal factors are inevitable in the stage of manufacturing and assembly, and improving the manufacturing and assembly precision can decrease them. External factors, including speed, load torque, and temperature, are closely related to measurement conditions. The transmission error measurement is usually done within a short time, so the influence of temperature can be ignored.
The friction torque of precision reducers decreases with the increase in the speed when the speed is low. The friction torque increases with the increase in the speed when the speed is greater than a certain value, showing a typical Stribeck effect (Figure 2 ) [10] [11] [12] [13] . It can be seen that the forward and reverse Stribeck curves of precision reducers have a wave trough point A + and a wave peak point A − , respectively. Taking the forward curve as an example, when the speed ω ≤ ω + A , the friction torque of precision reducers decreases with the increase in speed. When the speed ω ≥ ω + A , the friction torque of precision reducers increases with the increase in the speed. When the speed ω = ω + A , the precision reducer is subjected to the smallest friction torque. Therefore, the friction torque is the smallest when the speed ω = ω + A , and this speed is the optimal speed for the forward transmission error measurement. Similarly, ω = ω − A is the optimal speed for the reverse transmission error measurement. Therefore, the influences of external factors can be effectively reduced under the conditions of zero-load and optimal measurement speed and the objective evaluation of transmission precision can be realized in the dynamic measurement of the transmission error of a precision reducer. The transmission error can be expressed as:
where Therefore, the influences of external factors can be effectively reduced under the conditions of zero-load and optimal measurement speed and the objective evaluation of transmission precision can be realized in the dynamic measurement of the transmission error of a precision reducer. The transmission error can be expressed as: 
Determination Method of Optimal Measurement Speed
Friction Model of Precision Reducers
The friction characteristics of precision reducers can be divided into the following four stages according to the Stribeck friction theory: (I) static friction stage, (II) boundary lubrication stage, (III) partial fluid lubrication stage, and (IV) full fluid lubrication stage, as shown in Figure 3 . Firstly, the precision reducer is ready to start and it is in the static friction stage when the speed of the precision reducer is zero. The friction is the static friction independent of the speed and it is mainly caused by the elastic deformation of a precision reducer. Secondly, with the increase in external force, there is a low relative speed between the contact surfaces and the lubricating oil film cannot be established between the surfaces. The friction is mainly determined by the impurity characteristics of the boundary layer and the shearing force between solids causes it. At this time, the precision reducer is in the boundary lubrication stage. Thirdly, with the further increase in the speed, the liquid film formed between the contact surfaces is thicker and thicker, but the contact surfaces are not completely separated by the lubricant and there is still a region of solid contact, which indicates the partial fluid lubrication stage. Fourthly, the liquid film between the objects is completely formed when the speed continues to increase, and the region of solid contact does not exist. However, with the increase in the relative speed, the viscous friction, which is proportional to the speed, is the dominant friction. At this time, the friction mainly depends on the speed and the viscosity coefficient of the lubricant and it enters the stage of full fluid lubrication [14, 15] . 
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where T
Calculation Model of the Optimal Measurement Speed
It can be seen from Equation (3) that the forward and reverse friction functions are continuous and can be respectively derived, so the coordinates of the points A + and A − can be solved with the first order differential equation of Equation (3). Equation (4) shows the first order differential equation of Equation (3). If Equation (4) is equal to zero, then the optimal measurement forward and reverse speed can be obtained with Equation (5).
Steps for Determining the Optimal Measurement Speed
The steps for determining the optimal measurement speed of transmission errors in this paper are provided, as follows:
(1) First of all, the friction torque of the precision reducer is measured under different speeds.
The selected measurement speed should range from the low speed to high speed, so that it can fully reflect the Stribeck friction effect of the precision reducer. (2) According to the measured data of friction torque and speed of a precision reducer, the Stribeck curve is drawn and the parameters of the Stribeck model are obtained by curve fitting. (3) The optimal measurement speed of transmission errors is calculated by substituting the parameter value of the Sribbeck model into Equation (5). (4) The transmission error of a precision reducer is measured and evaluated under the conditions of zero-load and optimal measurement speed.
Experimental Study
Taking a RV reducer as an example, based on the RV reducer comprehensive performance tester that was developed by our research group, the transmission error measurement experiment was carried out. The rated torque of the measured RV reducer is 784 N m and the speed ratio is 121. The number of cycloidal gear teeth is 39 and the number of pin gears is 40.
Our research group developed a RV reducer comprehensive performance tester ( Figure 4 ) [14, 18] . The RV reducer was installed on the precision support and the input shaft was driven by a servo motor in the transmission error measurement. The measuring and controlling software in the speed mode controlled the measurement speed to ensure the speed stability in the measurement. The dynamic measurement of transmission error can be realized by synchronously collecting the rotation angle Appl. Sci. 2019, 9, 2146 6 of 11 signal with high precision circular grating installed at the input and output ends. In the transmission error measurement process, the torque sensor installed at the input end measured the friction torque.
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Our research group developed a RV reducer comprehensive performance tester (Figure 4 ) [14, 18] . The RV reducer was installed on the precision support and the input shaft was driven by a servo motor in the transmission error measurement. The measuring and controlling software in the speed mode controlled the measurement speed to ensure the speed stability in the measurement. The dynamic measurement of transmission error can be realized by synchronously collecting the rotation angle signal with high precision circular grating installed at the input and output ends. In the transmission error measurement process, the torque sensor installed at the input end measured the friction torque. 
Stribeck Curve Measurement and Parameter Identification
This section provides a concise and precise description of the experimental results, interpretation, and conclusions. In order to accurately obtain the Stribeck friction curve of the precision reducer, the friction torque measurement experiment was carried out under different speed conditions, from low speed to high speed. When the drive motor works in the speed mode, the speed fluctuation is very small and it can be approximately ignored. The friction torque of the precision reducer is equal to the drive torque of the motor at the input end, which is acquired by the torque sensor at the input end in real time. Figure 5 shows the variation of the friction torque with the meshing position under a speed of 2.0933 rad/s. In order to obtain the one-to-one corresponding relationship between the friction torque and speed, the mean value filtering method is used to deal with the measured data of friction torque under a steady speed [19] . In other words, the mean value of friction torque is used as the corresponding friction torque under steady speed. This method can also filter out the noise interference at the same time. 
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The friction torque-speed data of the RV reducer were obtained by changing the measurement speed ( Table 1 ). The Stribeck curve of the precision reducer was fitted with the least square method (Figure 6 ). Table 2 shows the parameters of the Stribeck model that were obtained by least square fitting. The RSS (residual sum of squares) is 5.10453 × 10 −4 and the Adj. R-Square (adjusted coefficient of determination) is 0.97998. The two parameters indicated that the forward fitting could achieve the ideal fitting effect. 
Transmission Error Measurement
After substituting the parameters of the fitted Stribeck curve into Equation (5), the forward optimal measurement speed can be calculated as ω + A = 2.4483 rad/s, according to the determination method of the optimal measurement speed of the transmission error of a precision reducer proposed in this paper. Taking the forward direction as an example, the transmission error measurement experiment was carried out. First, the transmission error of the precision reducer was measured under the conditions of zero-load and optimal measurement speed. The peak-to-peak value was 0.5058 arcmin (Figure 7) . The transmission error of the precision reducer was measured when the measurement speed was changed and the other conditions remained unchanged. Table 3 shows the peak-to-peak values of transmission error of precision reducer measured at different speeds. Figure 8 shows the variation of the peak-to-peak value of the transmission error with measurement speed. Under the optimal measurement speed, the peak-to-peak value of transmission error was the smallest, because the friction torque of the precision reducer, as well as its influence on transmission errors, was the smallest under the optimal measurement speed. Therefore, the influences of external factors were reduced to the largest degree under the conditions of optimal measurement speed and zero-load. In this way, the objective measurement and evaluation results of transmission precision were realized.
because the friction torque of the precision reducer, as well as its influence on transmission errors, was the smallest under the optimal measurement speed. Therefore, the influences of external factors were reduced to the largest degree under the conditions of optimal measurement speed and zeroload. In this way, the objective measurement and evaluation results of transmission precision were realized. in this paper. Taking the forward direction as an example, the transmission error measurement experiment was carried out. First, the transmission error of the precision reducer was measured under the conditions of zero-load and optimal measurement speed. The peak-to-peak value was 0.5058 arcmin (Figure 7) . The transmission error of the precision reducer was measured when the measurement speed was changed and the other conditions remained unchanged. Table 3 shows the peak-to-peak values of transmission error of precision reducer measured at different speeds. Figure  8 shows the variation of the peak-to-peak value of the transmission error with measurement speed. Under the optimal measurement speed, the peak-to-peak value of transmission error was the smallest, because the friction torque of the precision reducer, as well as its influence on transmission errors, was the smallest under the optimal measurement speed. Therefore, the influences of external factors were reduced to the largest degree under the conditions of optimal measurement speed and zeroload. In this way, the objective measurement and evaluation results of transmission precision were realized. 
Spectrum Analysis
The spectrum analysis of transmission error under the optimal measurement speed was carried out based on the spatial spectrum analysis method [20] . In order to more accurately obtain the error source, the low-pass filtering of the original transmission error curve was carried out. The spectrum of the filtered transmission error is shown in Figure 9 , where f and f 0 , respectively, represent the frequency of transmission error and the frequency of output shaft; f / f 0 represents the number of variation times of transmission error within one rotation of the output shaft [21] . Table 4 shows the harmonic components. The spectral component contains a constant term. The constant term is mainly caused by the inherent clearance of the RV reducer. In the transmission error measurement of the RV reducer, the pin gear shell was fixed and the planetary frame was the output end. Therefore, in the range of one rotation of the output shaft, the planetary frame rotated in a circle and the harmonic component 1 was mainly caused by the machining error of the planetary frame. The number of cycloidal gear teeth of the measured RV reducer was 39 and the harmonic components 39 and 78 were mainly caused by the machining error of the cycloidal gear. The number of pin gear of the measured RV reducer was 40, and the harmonic components 40, 80, 160, and 200 were mainly caused by the machining error of a pin gear. The input shaft rotated 121 cycles in the range of one rotation of the output shaft, and the harmonic component 121 was mainly caused by the machining error of input shaft. The harmonic components indicated that the machining and installation errors of planetary frame, cycloid gear, pin gear, and input shaft of the RV reducer had great influences on transmission errors and it should be considered in the design and manufacturing process.
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Discussion
The friction torque of the precision reducers decreases with the increase in the speed when the speed is low. The friction torque increases with the increase in the speed when the speed is greater than a certain value, displaying the typical Stribeck friction effect.
The friction torque of the precision reducer and the peak-to-peak value of the measured transmission error are the least under the optimal measurement speed. The influence of speed on the measurement results can be effectively reduced. The objective measurement and evaluation of transmission precision of precision reducer can be realized under the conditions of zero-load and optimal measuring speed.
The speed only affects the amplitudes of harmonic components of the transmission error other than the harmonic component in the transmission error measurement. The speed is the external factor of transmission error. The harmonic component of transmission error is mainly determined by the internal structure of the precision reducer.
Conclusions
In this paper, the concept of optimal measurement speed in the transmission precision evaluation of precision reducers was put forward. The calculation model of optimal measurement speed was established based on the Stribeck friction model of precision reducers. The following conclusions can be obtained through measurement experiments while taking the RV reducer as an example.
(1) The influence of speed on the transmission error measurement of the precision reducer is objective and the scientific and reasonable measurement speed can reduce the influence of the friction torque to the largest degree. (2) The transmission error measurement of the precision reducer under the conditions of optimal measurement speed and zero-load can improve the transmission error measurement precision and realize the objective transmission precision evaluation of the precision reducer. (3) The method that is proposed in this paper provides a scientific basis for the speed determination in the transmission error measurement. (4) The optimal measurement speed and its determination method that are presented in this paper are applicable to measure the transmission error of various precision reducers.
